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a b s t r a c t
In this paper, we investigate a minimization problem related to the principal eigenvalue of
the Schrödinger operator. The optimized solution can be applied to design new electronic
and photonic devices based on the quantum dots.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Nanostructured quantum dots have attracted huge attention in the past few years because of their unique physical
properties and their potential for applications in micro- and optoelectronic devices. A quantum dot is a portion of matter
(e.g. semiconductor) whose wave functions are confined to the wavelength of electrons in all three spatial dimensions.
Structures with band gap or level separation are the building block of the quantum devices such as transistors, photo-
detectors, solar cells, LEDs and diode lasers and terahertz devices. Researchers have also investigated quantumdots as agents
for medical imaging and hope to use them as qubits [1]. On account of the possibility of having very precise control over
the conductive properties by adjusting its shape and depth (generally called well) quantum dot structures have drain vast
attention from the research community of applied sciences [2].
Motivated by the above explanation, we have modeled a quantum dot structure with a lateral size which is determined
by the size of the complement of a set D embedded in a large area Ω . We have mathematically solved the Schrödinger
equation for the lowest energy level of structures with different optional shapes where all of them have the same depth
times the size of the well (area in two dimensions) aiming for an optimized energy level.
Now we state the mathematical equations modeling the above physical optimization problem. Let Ω be a bounded
smooth domain in Rn and D ⊂ Ω be a set of positive measure. In this paper, we denote the Lebesgue measure by | · |.
Consider the governing Schrödinger equation
−1u+ κ|D|χDu = λu inΩ, u = 0 on ∂Ω, (1.1)
where κ > 0, λ = λ(D) is the first eigenvalue (ground state energy), u = u(x) is a corresponding wave function and χD(x)
is the characteristic function of D.
It is well known that the first eigenvalue λ is obtained by the following variational formulation [3]
λ = min
u∈H10 (Ω)∥u∥L2(Ω)=1
∥u∥2
H10 (Ω)
+ κ|D|

D
u2dx. (1.2)
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Mathematically, we are interested in the optimization problem
inf
D⊂Ω;β|Ω|≤|D|≤|Ω|
λ(D) = inf
D⊂Ω;β|Ω|≤|D|≤|Ω|
u∈H10 (Ω);∥u∥L2(Ω)=1
∥u∥2
H10 (Ω)
+ κ|D|

D
u2dx, (1.3)
where β ∈ (0, 1). It should be noted that the last equality in (1.3) can be verified easily. Let us remind that in (1.3), as a
physical interpretation, κ \ |D| represents the depth of the quantum dot (well) and |D| stands for the size of the well.
Such optimization problems have been quite attractive tomathematician in the past decades [4]. Some interesting papers
devoted to problems of this kind are [5–8]. It should be noted that in [5] the optimization problemwas considered when |D|
is constant, whereas in this paper we have |D| ∈ [β|Ω|, |Ω|].
2. Preliminaries
In this section, we review some well known results with an eye on the minimization problem (1.3). By the regularity
theory for elliptic partial differential equations [3], we have next lemma.
Lemma 2.1. Let u be an eigenfunction corresponding to the first eigenvalue of (1.1). Then u ∈ H2(Ω) ∩ C1,γ (Ω) ∩ C(Ω) for
some γ ∈ (0, 1) and u > 0 inΩ .
AssumeΩ is a ball in RN centered at the origin and f : Ω → R be a Lebesgue measurable function. Then, f ∗ : Ω → R
and f∗ : Ω → R represent the Schwartz decreasing and increasing rearrangements of f . That is, functions f ∗ and f are
equimeasurable in the sense that
|{x ∈ Ω : f (x) ≥ c}| = |{x ∈ Ω : f ∗(x) ≥ c}| ∀c ∈ R (2.1)
and we have similar argument for f∗. Additionally, f ∗ is a radial function which is decreasing as a function of r = ∥x∥,
whereas f∗ is a radial function which is increasing as a function of r . We will apply two classic rearrangement inequalities
derived in [9,10].
Lemma 2.2. SupposeΩ is a ball in Rn. Then
Ω
f ∗g∗dx ≤

Ω
fgdx ≤

Ω
f ∗g∗dx,
where f and g are nonnegative functions.
Lemma 2.3. AssumeΩ is a ball in Rn, p ≥ 1 and 0 ≤ u ∈ W 1,p0 (Ω). Then we have u∗ ∈ W 1,p0 (Ω) and
Ω
|∇u|pdx ≥

Ω
|∇u∗|pdx. (2.2)
Throughout this paper, a ball centered at the origin with radius r will be denoted byB(0, r).
3. Study of the mathematical modeling equations
This section is devoted to optimization problem (1.3). Let us state an existence result.
Theorem 3.1. There exists D ⊂ Ω, β|Ω| ≤ |D| ≤ |Ω| which is a solution of problem (1.3).
Proof. We have a real numberλ such that
λ = inf
D⊂Ω;β|Ω|≤|D|≤|Ω|
λ(D) = lim
k→∞ λ(Dk) = limk→∞ ∥uk∥
2
H10 (Ω)
+ κ|Dk|

Dk
u2kdx,
where uk is the positive eigenfunction corresponding to λ(Dk)with ∥uk∥L2(Ω) = 1. Hence, ∥uk∥H10 (Ω) is a bounded sequence
and there is a subsequence (which we still denote it by {uk}∞1 ) where uk ⇀ u in H10 (Ω). By the Rellich–Kondrachov
embedding, one can say uk → u in L2(Ω). In summary, we have
uk ⇀ u in H10 (Ω), uk → u in L2(Ω). (3.1)
On the other hand, {χDk}∞1 is a bounded sequence in L∞(Ω) and there exists a subsequence (which we still denote it by{χDk}∞1 ) such that
{χDk}∞1 ⇀ η in L∞(Ω), (3.2)
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with respect to the weak star topology. Accordingly, it can be said

Ω
χDkdx →

Ω
ηdx or
|Dk|⇀

Ω
ηdx, (3.3)
where β|Ω| ≤ 
Ω
ηdx ≤ |Ω|. Employing (3.1) and (3.2) leads us to
Ω
χDku
2
kdx ⇀

Ω
ηu2dx. (3.4)
At last, by means of weak lower semicontinuity of the Dirichlet integral together with (3.3) and (3.4), we have
∥u∥2
H10 (Ω)
+ κ
Ω
ηdx

Ω
ηu2dx ≤ lim
k→∞ ∥uk∥
2
H10 (Ω)
+ κ|Dk|

Dk
u2kdx =λ. (3.5)
Using the bathtub principle [11], the minimization problem
inf
η:Ω ηdx=A
0≤η≤1

Ω
ηu2dx,
where A > 0 has a solution η = χD such that D ⊂ Ω is a set with |D| = A. This conclusion and (3.5) yield
λ = ∥u∥2
H10 (Ω)
+ κ|D|

Ω
χDu2dx.
Consequently, D is a solution of (1.3). 
From a physical point of view, it is important for us to know the shape of the optimal set D. Such questions have been
addressed in [5,12]. To this end, hereafter we assume Ω is a ball centered at the origin. More precisely, without loss of
generality we takeΩ = B(0, 1).
Lemma 3.2. LetΩ = B(0, 1), then (1.3) has a solutionDwith eigenvalueλ(D) associated to a decreasing and radially symmetric
functionu such thatD is a rotationally symmetric set as a neighborhood of ∂Ω .
Proof. Assume D is an optimal configuration. Additionally, λ(D) and u are corresponding eigenvalue and eigenfunction,
respectively. Using Lemmas 2.2 and 2.3, we have
λ(D) = ∥u∥2
H10 (Ω)
+ κ|D|

Ω
χDu2dx ≥ ∥u∗∥2H10 (Ω) +
κ
|D|

Ω
(χD)∗u∗2dx. (3.6)
In the last inequality, (χD)∗ = χD whereD is an annulus with ∂Ω as one of its boundaries. Moreover, according to (2.1) we
have |D| = |D|. Now by setting u∗ =uwe have
λ(D) ≥ ∥u∗∥2
H10 (Ω)
+ κ|D|

Ω
(χD)∗u∗2dx = ∥u∥2H10 (Ω) + κ|D|

Ω
χDu2dx ≥ λ(D). (3.7)
It should bementioned that ∥u∥L2(Ω) = ∥u∥L2(Ω) = 1; see Lemma 2.1 of [13]. Thus, the inequalities in (3.7) must be equality,
λ(D) = λ(D) and soD is an optimal configuration. 
Nowwe can state themain theorem of this paper that identifies configuration of the optimal setD exactly which is worth
due to the physical applications.
Theorem 3.3. Let Ω be as in Lemma 3.2 and D be a rotationally symmetric minimizer of the optimization problem (1.3) corre-
sponding to radially decreasing eigenfunction u. Then, we have |D| = β|Ω|.
Proof. Consider a real function F : [0, 1)→ (0,+∞)where
F (t) = 1|Dt |

Dt
u2dx, (3.8)
such that Dt = B(0, 1) \ B(0, t). First, we show that F (t) is a decreasing function where F ′(t) < 0 for all t ∈ (0, 1).
Employing the monotonicity, we can deduce the result mentioned in the theorem. Consider ωn as the volume of unit ball
B(0, 1) in Rn then one can see
F (t) = 1
ωn(1− tn)

1−

B(0,t)
u2dx

,
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regarding (3.8) and the fact that ∥u∥L2(Ω) = 1. Therefore, F ′(t) can be calculated as
F ′(t) = nt
n−1
ωn(1− tn)2

1−

B(0,t)
u2dx

−

∂B(0,t) u
2dS
ωn(1− tn) =
ntn−1
(1− tn)

1
ωn(1− tn) −

B(0,t) u
2dx
ωn(1− tn) − u
2(t)

. (3.9)
We argue that F ′(t) never vanishes in (0, 1). If F ′(τ ) = 0 for τ ∈ (0, 1) then according to (3.9), it can be said
u2(τ ) = 1
ωn(1− τ n)

B(0,1)
u2dx−

B(0,τ )
u2dx = 1
ωn(1− τ n)

B(0,1)\B(0,τ )
u2dx
= 1
ωn(1− τ n)
 1
τ

∂B(0,s)
u2dSds = 1
(1− τ n)
 1
τ
nu2(s)sn−1ds
<
nu2(τ )
(1− τ n)
 1
τ
sn−1ds = u2(τ ),
which is a contradiction. Thus, one can see that F ′(t) > 0 or F ′(t) < 0 in (0, 1). LetM = maxx∈Ω u(x), then we have
1
ωn
= 1|Ω| =

Ω
u2dx
|Ω| < M
2. (3.10)
On the other hand, u2(0) = M2 since it is a radially decreasing function onΩ . This fact with formulas (3.10) and (3.9) yield
that there exists τ ∈ (0, 1)where F ′(τ ) < 0. So, we can conclude F ′(t) < 0 for every t ∈ (0, 1) as desired. Now, suppose
β|Ω| < |D| ≤ |Ω| then by the monotonicity assertion, there exists D′ = B(0, 1) \B(0, t ′)where β|Ω| < |D′| < |D| such
that
λ(D) = ∥u∥2
H10 (Ω)
+ κ|D|

D
u2dx > ∥u∥2
H10 (Ω)
+ κ|D′|

D′
u2dx ≥ λ(D),
which is a contradiction. Hence, we must have |D| = β|Ω|. 
Corollary 3.4. If Ω = B(0, 1), then the optimal solution D of (1.3) is unique modulo sets of measure zero.
Proof. Theorem 3.3 implies optimal set D should have the property |D| = β|Ω|. Accordingly, (1.1) and (1.3) can be reduced
to
−1u+ αχDu = λu inΩ, u = 0 on ∂Ω and inf
D⊂Ω;|D|=α
λ(D),
where α = (κ/β|Ω|). Then, Theorem 4 in [5] yields the uniqueness. 
Corollary 3.5. Let µΩ be the principle eigenvalue of Laplace’s operator with Dirichlet’s boundary condition. If in (1.3) we have
β → 0 then λ(D)→ µΩ where D is the minimizer such that |D| = β|Ω|.
Proof. Consider a sequence {βk}∞1 whereβk → 0 as k →∞. Using Theorem3.3, in (1.3)minimumoccurswhen the optimal
set is Dk = B(0, 1)\B(0, tk) and |Dk| = βk|Ω|. We know that Dk ⊃ Dk+1, k = 1, 2, . . . . Let v be the positive eigenfunction
corresponding to µΩ such that ∥v∥L2(Ω) = 1. By variational formulation (1.2), one can observe that λ(D) ≥ µΩ for every
D ⊂ Ω, |D| > 0. Furthermore,
∥v∥2
H10 (Ω)
+ κ|Dk|

Ω
χDkv
2dx ≥ λ(Dk) ≥ µΩ ,
thanks to (1.3). Since
lim
k→∞
κ
|Dk|

Ω
χDkv
2dx ≤ lim
k→∞
κ
|Dk| |Dk|∥v∥
2
L∞(Dk) = 0,
we have limk→∞ λ(Dk) = µΩ as desired. 
4. Physical interpretations
Energy quantization in the quantum systems has revealed a new physics and potential applications in the new
technologies. In quantum dots with all three dimensions confined to the order of electron wavelength, the electronic
characteristics are closely related to the size and shape. Regarding the fact that the first level has themost inter-level distance
in the structure, determining its value is critical in the device construction.
Consequently in R2, as explained in the previous section we have modeled a class of quantum dots all being of different
circular shapes but all of them have equal depth times the area. While the exact functional behavior of the first energy level
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on the characteristics of the structure is not explicitly known, our results (Theorem3.3 and Corollary 3.4)manifest increasing
energy with simultaneously decreasing the depth and increasing the area of the dot.
Therefore, by providing an insight into the optimal configuration of the structure, the findings of this paper give attractive
opportunities for the design of novel electronic and photonic devices based on the quantum dots.
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